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Dynamical decoupling (DD) is an active and effective method for suppressing decoherence of a
quantum system from its environment. In contrast to the nominal biaxial DD, this work presents a
uniaxial decoupling protocol that requires a significantly reduced number of pulses and a much lower
bias field satisfying the “magic” condition. We show this uniaxial DD protocol works effectively in
a number of model systems of practical interests, e.g., a spinor atomic Bose-Einstein condensate in
stray magnetic fields (classical noise), or an electron spin coupled to nuclear spins (quantum noise) in
a semiconductor quantum dot. It requires only half the number of control pulses and a 10-100 times
lower bias field for decoupling as normally employed in the above mentioned illustrative examples,
and the overall efficacy is robust against rotation errors of the control pulses. The uniaxial DD
protocol we propose shines new light on coherent controls in quantum computing and quantum
information processing, quantum metrology, and low field nuclear magnetic resonance.
Introduction.— Decoherence, due to coupling of a sys-
tem to its surrounding environment, is a key obstacle to-
wards practical applications of quantum technologies [1–
3]. Reliable quantum operations cannot proceed effec-
tively or coherently without the decoherence of a quan-
tum state under control [4]. One may naively hope for
the existence of a system perfectly isolated from its envi-
ronment. However, this imposes heavy resource require-
ment and extreme conditions, such as ultralow tempera-
ture, ultrahigh vacuum, ultraweak/ultrastrong magnetic
fields [5–7], etc, some of which for all practical reasons
cannot be achieved. Alternatively, one can search for
strategies capable of slowing down or suppressing deco-
herence.
Dynamical decoupling (DD) is one such frequently em-
ployed decoherence-suppression method. It is capable
of reducing effectively the coupling structure as well as
the strength between a quantum system and its envi-
ronment, thereby decoupling (or isolating) the system
from its environment [8–11]. DD has been widely em-
ployed for more than half a century in nuclear magnetic
resonance (NMR) to isolate subsystems of nuclear spins
from nearby spins and more recently in demonstrating ro-
bust quantum memory and universal quantum gate oper-
ations [12–18]. Experiments in electron-nuclear spins and
nitrogen vacancy centers have further established it as a
powerful technique, e.g., capable of preserving arbitrary
quantum states over extended times [18–23].
Most DD protocols employ biaxial resonant rotations,
which in the presence of a large bias magnetic field along
the z-axis (the quantization axis), can be constructed
in terms of two rotations along two orthogonal (e.g., x-
or y-) axes respectively. These resonant rotations can
be either discrete or continuous, respectively associated
with bang-bang DD or continuous DD [9, 12, 23–35]. For
bang-bang DD, many sophisticated protocols have been
developed, e.g., periodic DD (PDD) or concatenated DD,
which requires hard (delta function) pulses with a total
number scaling as 4L for L cycles and progression to
even 4L for L-level concatenation [26, 36]. Several ad-
vanced schemes were utilized to optimize DD protocols,
respectively given rise to the Uhrig DD [31], concatenated
Uhrig DD [37], and quadratic DD [38], with variable pulse
delays to suppress high order noise correlations [39]. A
question of great importance is: can one reduce the num-
ber of pulses, e.g., to 2L for L-cycle DD while maintaining
the same level of noise suppression as in 4L PDD?
The uniaxial DD (Uni-DD) protocol we present in this
Letter achieves such a challenging goal, making it a more
efficient replacement for the usual biaxial PDD protocol.
We show that the number of pulses reduces to the or-
der of 2L for L-cycle DD while the performance remains
similar to or better than the usual 4L PDD protocol.
In addition, the z-axis bias magnetic field is reduced to
about 100 times the average noise fields in the examples
we studied, which is much less than the 1,000∼10,000
times typically required in NMR experiments [10, 40, 41].
Numerical simulations reveal the superior performance of
our Uni-DD in a spinor Bose-Einstein condensate (BEC)
decohered by stray magnetic fields and in a semiconduc-
tor quantum dot (QD) electron spin qubit decohered by
nuclear spins. Our result can be applied to research in
low field DD in quantum information, NMR, magnetic
resonance imaging, and quantum sensing beyond stan-
dard quantum limit [42–44].
Uni-DD protocol.— We first briefly review the usual
PDD protocol which forms the basis of the more ad-
vanced DD protocols. A qubit is decohered in general
by stochastic interactions along three orthogonal direc-
tions, the longitudinal along the z-axis causes dephasing
while the transversal along the x- or y-axis induces bit
flip. Biaxial DD protocol suppresses the transversal noise
by pi pulses along the z-axis (denoted as Z pulses) and
the longitudinal noise by pi pulses along either x- or y-axis
2FIG. 1. The schematic illustration for one cycle of the Uni-DD
[Y UτY Uτ ] on the Bloch sphere. (I) A spin/qubit precesses
around the total field composed of a large (longitudinal) bias
and a small stochastic field for a duration τ (blue solid lines);
(II) rotated by a hard Y pulse (red dashed lines); (III) pre-
cesses around the total field for another τ ; (IV) and rotated
by a second Y pulse. The green solid line denotes the initial
spin/qubit state.
(denoted as X or Y pulses, respectively) [12, 36].
The Uni-DD protocol we present also suppresses noise
in all three directions. Similar to the biaxial DD, Y pulses
are employed to suppress dephasing from z-axis noise.
Unlike the biaxial DD, a relatively strong bias magnetic
field along z-axis is introduced to suppress transversal
noises along x- or y-axis (see Fig. 1). The main inspira-
tion to our idea comes from the observation that a strong
longitudinal magnetic field suppresses transverse fluctu-
ating fields [45]. We further require the pulse delay τ
and the effective Larmor precession frequency ω to satisfy
ωτ = n2pi, with n a positive integer. At this “magic” con-
dition, the qubit processes an integer number of rounds
in the bias magnetic field between Y pulses.
The Uni-DD protocol can be denoted in short hand as
[Y UτY Uτ ]
L for L-cycle with Uτ the precession operator,
and the pulse delay τ satisfying the “magic” condition
within the shortest decoherence time possible. The latter
is often given by the inhomogeneous broadening induced
lifetime T ∗2 [46]. More details on the above results can be
found in the supplemental material (SM), where we show
the number of pulses for the Uni-DD is 2L, or about half
of the 4L pulses required by the PDD. In the following,
we consider two concrete examples illustrating that our
Uni-DD protocol is capable of suppressing classical or
quantum noise.
Suppressing classical stray magnetic fields in a spinor
BEC.— As a model system decohered by classical noise,
we consider a ferromagnetically interacting spin-1 atomic
BEC under stray magnetic fields. Its full quantum
state evolution is simulated including the Uni-DD proto-
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FIG. 2. Suppressing classical noise with Uni-DD in a spinor
atomic BEC for τ = 0.05. (a) The evolution of the spin
average under Uni-DD cycles for an initial CSS in the worst
case at ω − ωm = −2 (magenta squares), −1 (blue circles), 0
(red solid line), 1 (blue dashed line), and 2 (magenta dotted
line). The “magic” condition requires ωm = 2pi/τ ≈ 126.
The FE results are presented for easier comparisons. The
horizontal green dashed line denotes how the characteristic
time T0.9, where j/J = 0.9, is extracted. (b) Dependence of
the enhanced coherence time on the Larmor frequency (or the
bias field). A peak occurs at the “magic” condition ωmτ = 2pi.
(c) Same as (a) except for the squeezing parameter ξ2 with
an initial SSS. The horizontal green dashed line is for T0.05
where ξ2 = 0.05. (d) Same as (b) except for T0.05 with an
initial SSS.
col [47]. Such a model allows the condensate spin degrees
of freedom to be treated in terms of a large collective spin
J (with J = 103), which decohers by the stochastic ro-
tations due to weak stray magnetic fields [48–50]. In the
absence of the Uni-DD pulses, the model system is de-
scribed by the Hamiltonian H = c′2J
2 + ωJz + γb · J,
with c′2 the effective atomic spin exchange interaction
strength, ω = γB the Larmor frequency in the longitudi-
nal bias magnetic field B (γ is the gyro-magnetic ratio),
and b the stray magnetic field stochastic in its direc-
tion and amplitude with a cutoff bc (bx,y,z ∈ [−bc, bc]).
For simplicity, the chosen stray field distribution func-
tion mimics a white noise, with the probability density
for each realization uniformly distributed in direction and
amplitude over a limited range. We set ~ = 1, γ = 1,
and bc = 1 for numerical simulations. The energy and
the time units are bc and b
−1
c , respectively. For the Uni-
DD, we choose a pulse delay of τ = 0.05. The Uni-DD Y
pulses are assumed to be hard pi pulses, i.e., a temporal
delta function with zero pulse width [51, 52].
The simulations are carried out for four initial con-
densate spin directions, respectively along x-, y-, z-, and
−z-axis, and the initial quantum state is either a coher-
3ent spin state (CSS) or a squeezed spin state (SSS). The
worst performing case among the four is reported as a
benchmark. We monitor the normalized spin average j/J
with j =
√
〈Jx〉2 + 〈Jy〉2 + 〈Jz〉2 for an initial CSS and
the squeezing parameter ξ2 = 2min{∆J2x ,∆J
2
y ,∆J
2
z }/J
with ∆J2α = 〈J
2
α〉 − 〈Jα〉
2 (α = x, y, z) for an initial SSS
during the Uni-DD [53–55]. In the absence of noises,
the normalized spin average and the squeezing parameter
should stay at unit and 0.00091, respectively. Therefore,
their respective rate of deterioration in the presence of
noise manifests how fast the initial quantum system is
decohered. Slower rate of deterioration due to the Uni-
DD pulses than under pure free evolution (FE) indicates
noise suppression.
The coherence time of the condensate spin in an initial
CSS is clearly seen prolonged by two orders of magnitude
as shown in Fig. 2(a) and (b), if the “magic” condition
ωτ = 2pi is satisfied. For the more “quantum” initial
SSS, which is highly entangled and strongly correlated
and thus expected to be more fragile or sensitive to noise,
the coherence time is also seen prolonged by two orders of
magnitude under the same “magic” condition [Fig. 2(c)
and (d)] [56].
Enhanced understanding is gained by calculating an-
alytically the evolution operator for a unit cycle of
Uni-DD: U2τ = [Y UτY Uτ ]. Following the Fer ex-
pansion under the “magic” condition ωτ = 2pi, we
find Uτ ≈ exp(−iτc
′
2J
2) exp(−iτHF,1) exp(−iτHF,0)
with HF,0 = γbzJz and HF,1 = γ
2(bz/ω)(bxJx +
byJy) + Jz(b
2
x + b
2
y)/(2ω) [57, 58]. By further em-
ploying the Magnus expansion, we obtain U2τ ≈
exp(−i2τc′2J
2) exp[−i2τγ2(bz/ω)byJy] to the leading
nonzero order [9, 10, 58]. The derivation details can be
found in the SM. Compared to the corresponding FE op-
erator UFE = exp(−i2τc
′
2J
2) exp[−i2τγ(bxJx + byJy +
bzJz)] without the bias magnetic field, the effective cou-
pling strength between the condensate spin and the stray
magnetic field is seen to be reduced by a factor of bz/B,
which can become much smaller. Thus, noise suppres-
sion of the Uni-DD protocol is rooted in the bias field’s
suppression of the transversal fluctuation field and aug-
mented by the cancelation of the longitudinal fluctuation
field from the Y pulses. This is quite different from the
nominal biaxial DD protocol, which often relies on the
smallness of the pulse delay.
Suppressing nuclear spin quantum noise in a QD.—
Unlike the classical environment described by stochas-
tic complex fields, a proper description for a quantum
environment must deal with environment operators and
their correlations. To illustrate the power of the Uni-
DD, we choose a gate-defined GaAs semiconductor QD
system which is well described by a central spin model
with the electron spin decohered by the surrounding nu-
clear spins [19, 30, 59–61]. To further simplify the prob-
lem, we assume the electron spin (S) as well as all nu-
clear spins (Ik) are spin-1/2. The coupling Ak between
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FIG. 3. Suppression of quantum noise by the Uni-DD in a
GaAs QD for τ = 0.05. (a) The evolution of fidelity under
Uni-DD cycles in the worst case for ω − ωm = −2 (magenta
squares), −1 (blue circles), 0 (red solid line), 1 (blue dashed
line), and 2 (magenta dotted line). The FE (black dashed
line), Hahn echo (black dash-dotted line), and PDD (black
dotted line) results are also presented for comparisons. The
horizontal green dashed line denotes how the characteristic
time T0.9 is extracted. (b) Dependence of the prolonged co-
herence time on the Larmor frequency (or the bias field), ex-
hibiting a peak at the “magic” condition ωmτ = 2pi.
S and Ik results from the Fermi contact hyperfine in-
teraction [46, 62]. The Hamiltonian for the model sys-
tem of N nuclear spins without Uni-DD takes the form
H = S ·
∑N
k=1AkIk +
∑N
i<j Γij(Ii · Ij − 3Iiz · Ijz). In
general, Ak is proportional to the local density of the
electron at the position of the kth nucleon. In this work,
it is modeled as in Ref. [63] for N = 4×5 nuclear spins, by
Ak ∝ exp[−(x− x0)
2/w2x− (y− y0)
2/w2y], a 2D Gaussian
form with effective widths wx/ax = 3/2 and wy/ay = 2
and a shifted center x0/ax = 0.1 and y0/ay = 0.2, lead-
ing to the final values of Ak ranging between 0.309 and
0.960. Γij accounts for the magnetic dipolar interaction
of nearest neighbor nuclear spins and is randomly dis-
tributed between 0 and 0.01.
It is well known for a GaAs QD system that the short
time FE quantum dynamics agrees well with the classical
(quasi-static bath approximation) fluctuation model, but
the long time dynamics gradually deviates, implicating
the important role played by quantum correlations within
the coupled central spin system [16, 46, 65]. We expect
our Uni-DD would prolong the coherent dynamics, and
quantum simulations are thus carried out to fully account
for the quantum corrections.
Starting from the electron spin initially pointing along
x-, y-, z-, and −z-axis respectively, the system evolu-
tion is simulated quantum mechanically with the Cheby-
shev polynomial expansion method [66]. The initial nu-
clear spin state is a fully mixed state which is approxi-
mated numerically by a random pure state [2, 67]. The
evolution is recorded, and the fidelity, which calibrates
the survival probability of the initial electron spin state,
F (t) = Tr[ρe(0)Trn(ρ(t))], is calculated, where Trn(ρ(t))
4is the reduced electron spin state after tracing out all nu-
clear spins. The worst case fidelity, Fw = min{ρe(0)}(F ),
among the four initial states is easily identified and used
as a benchmark and shown in Fig. 3. Compared to FE,
the coherence time of the electron spin is prolonged by
upto two orders of magnitude with Uni-DD, depending
on whether the condition ωτ = 2pi is satisfied or not
[Fig. 3(a)]. Compared to PDD, the Uni-DD is also found
to be superior. The enhanced coherence time implicates
successful decoupling of the electron spin from its sur-
rounding nuclear spins. More interestingly, the “magic”
condition exhibits a resonance, around which the charac-
teristic coherence time of the Uni-DD protocol T0.9 ver-
sus the Larmor frequency ω of the bias field (ω = γB) is
shown in Fig. 3(b).
The decoupling by the Uni-DD protocol under the
“magic” condition for the QD model can again be proven
analytically by following the Fer expansion of Uτ with
the average Hamiltonian theory based on the Magnus
expansion. Although the average Hamiltonian theory
does not directly apply since the convergence condition
|H |τ ≪ 1 is violated, its application becomes possible
after adopting the Fer expansion of Uτ in a rotating
reference frame defined by the bias field [57, 58]. In
fact, Fer expansion is applicable at treating long time
quantum evolution beyond the convergence radius of the
widely used Magus expansion [9, 10, 58]. After a straight-
forward derivation at the “magic” condition ωτ = 2pi,
we find Uτ ≈ exp[−iτHF,1] exp[−iτHF,0] where HF,0 =
Szhz and HF,1 = Sx(hzhx + hxhz)/(2ω)+Sy(hzhy +
hyhz)/(2ω)+Sz(h
2
x+h
2
y)/(2ω)+i(hxhy−hyhx)/(4ω) with
the quantum Overhauser field operator hα∈{x,y,z} =∑N
k=1AkIkα. For one Uni-DD cycle, the evolution oper-
ator reduces to U2τ = [Y UτY Uτ ] ≈ exp(−i2τ [Sy(hzhy +
hyhz)/(2ω) + i(hxhy − hyhx)/(4ω)]), as shown in detail
in the SM. Similar to the classical noise example con-
sidered earlier, one sees immediately that the relatively
strong bias field suppresses the relaxation effect of the
transversal quantum noise and the Y pulses suppress the
dephasing effect of the longitudinal quantum noise [68].
Robustness of the Uni-DD against rotation angle
errors.— To estimate the robustness of the Uni-DD pro-
tocol, we consider rotation angle error ε of the Y pulses,
i.e., assuming an imperfect rotation angle of the Y pulse
(1 − ε)pi. As shown in Fig. 4, even a small ε = 1%
causes the worst case fidelity Fw to drop significantly.
Such a sensitive dependence on the rotation angle can
be remedied by replacing one of the Y pulses with a
Y pulse, which rotates along the −y direction with the
same imperfect angle (1 − ε)pi. This idea is behind the
Carr-Purcell-Meiboom-Gill (CPMG) protocol which im-
proves greatly the robustness of the Carr-Purcell proto-
col [11, 69, 70]. Remarkably, the modified Uni-DD proto-
col likewise shows strong robustness against the rotation
angle error, as illustrated in Fig. 4. Even for ε = 3%, the
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FIG. 4. Robustness of the Uni-DD against rotation angle
errors for [Y UτY Uτ ] with ε = 3% (black dotted line with
triangles), 1% (blue dotted line with circles), 0% (red dotted
line) and for [Y UτY Uτ ] with ε = 3% (black solid line with
triangles), 1% (blue solid line with circles), 0% (red solid line,
coinciding with the red dotted line). The FE results are also
presented for comparisons.
coherence time remains prolonged by an order of magni-
tude. For a smaller ε = 1%, the Uni-DD protocol is seen
to almost reach the same outcome as in the perfect pulse
case of ε = 0.
Finally, we note the Uni-DD protocol we discuss differs
fundamentally from the single pulse Hahn echo by requir-
ing the “magic” condition. Such a condition in the Uni-
DD allows the bias field to stay as low as possible while
keeping the noise suppression effect comparable or even
better than in the Hahn echo, as shown in Fig. 3(a) (and
more in the SM). By Adopting symmetrization and con-
catenation, more advanced DD protocols based on Uni-
DD may be developed with improved performances. Our
preliminary investigations into the performance compar-
isons of the Uni-DD with the standard symmetrized DD,
the second level concatenated DD, the nonequidistant
concatenated Uhrig DD, and the quadratic DD are pre-
sented in the SM. More efforts could be devoted to ex-
plore systematically these protocols in order to find the
most suitable one for a specific experiment [71].
In conclusion, we propose a Uni-DD protocol for sup-
pressing the decoherence of an open quantum system
from its environment. Compared to the nominal biax-
ial PDD, the Uni-DD achieves the same degree of noise
suppression with half the number of control pulses. We
demonstrate with numerical and analytical calculations
the efficacy of the Uni-DD under the “magic” condition
ωτ = 2pi in suppressing the classical stray fields in a
spinor BEC and in suppressing the quantum nuclear spin
noises in a GaAs QD. Our results point to an alternative
low-cost DD techniques which may find wide applications
in quantum computing and quantum information pro-
cessing, NMR and magnetic resonance imaging, as well
as quantum precision measurements beyond the standard
quantum limit.
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Supplementary Materials
I. SUPPRESSING CLASSICAL NOISE WITH
UNI-DD
For the collective spin of an atomic condensate J in
the presence of a bias magnetic field along the z-axis and
classical stray magnetic fields, the Hamiltonian of the
system takes the form [1–5]
H = c′2J
2 + ωJz + γ(bzJz + bxJx + byJy). (1)
In this study we take J = 1000. c′2 < 0 is the spin
exchange interaction strength in a ferromagnetic spin-1
atomic Bose-Einstein condensate (BEC) under the single
spatial mode approximation, ω = γB with the bias mag-
netic field B and the gyro-magnetic ratio γ, and b the
stray magnetic fields. In general, the bias field is much
stronger than the stray magnetic field B ≫ |b|. The
effect of the stray magnetic field is simulated by averag-
ing r = 100 random realizations of bx,y,z ∈ [−bc, bc] with
bc = 1 the cutoff magnitude. The distributions of bx,y,z
are independent and identical resembling white noise.
The decoherence of the condensate spin is caused by
the stray magnetic field during free evolution (FE) in a
zero bias field. Without the bias field or dynamic decou-
pling (DD) pulses, their coupling strength is of the order
of bc. The spin exchange interaction term ∝ J
2 does not
contribute to decoherence. The application of Uni-DD
protocol reduces the effective coupling strength. In the
following, we show how much is this reduction.
When the Uni-DD is applied, the evolution of conden-
sate spin in a stray magnetic field is governed by
U2τ = Y UτY Uτ ≈ exp(−i2τH), (2)
where H is the effective Hamiltonian, Uτ = exp(−iτH),
and Y the pi pulse along y-axis. We separate approxi-
mately the evolution of the spin in the bias field from
that in the stray field in the following manner
Uτ = exp(−iτc
′
2J
2)RT : exp(−i
∫ τ
0
HR(t
′)dt′), (3)
where the rotating operator R = exp(−iωtJz) defines
a rotating reference frame in which the time-dependent
Hamiltonian is
HR(t) =γbzJz + γbx[Jx cos(ωt)− Jy sin(ωt)] +
γby[Jy cos(ωt) + Jx sin(ωt)]. (4)
By employing the Fer expansion and the “magic” con-
dition ωτ = 2pi, we find after a lengthy calculation [6, 7]
T : exp(−i
∫ τ
0
HR(t
′)dt′) ≈ exp(−iτHF,1) exp(−iτHF,0),
(5)
to the second order (bx,y,z)
2/B with HF,1 =
γ(bz/B)(bxJx + byJy) + γJz(b
2
x + b
2
y)/(2B) and HF,0 =
7γbzJz . Because R = I under the “magic” condition, we
obtain the following evolution operator
Uτ ≈ exp(−iτc
′
2J
2) exp(−iτHF,1) exp(−iτHF,0). (6)
Since γbx,y,zτ ≪ 1 and bc ≪ B, it is appropriate to adopt
the average Hamiltonian theory based on the Magnus
expansion to calculate for the whole cycle the effective
Hamiltonian given by [7–10]
H = c′2J
2 +
bz
B
γbyJy. (7)
Compared to the free Hamiltonian Eq. (1), the effective
HamiltonianH shows that the coupling strength between
the condensate spin and the stray magnetic field is re-
duced by a small factor bz/B, which explains why the
Uni-DD is effective in suppressing stray magnetic fields.
Additionally, the suppression effect is shown to be inde-
pendent of the initial state for the condensate spin, as
shown in Fig. 2 in the main text.
II. SUPPRESSING QUANTUM NOISE WITH
UNI-DD
For an electron spin S interacting with surrounding
nuclear spins Ik in a QD at a bias magnetic field B with
a Larmor frequency ω = γB, the free Hamiltonian takes
the form [11–17]
H = ωSz+hxSx+hySy+hzSz+
N∑
i<j
Γij(Ii · Ij−3I
z
i · I
z
j ),
(8)
where the quantum noise operators are hx,y,z =∑N
k=1AkIk{x,y,z} with Ak the coupling constant. The
last term in Eq. (8) describing only correlations of quan-
tum noises is neglected because it commutes with the
central electron spin. Different from the classical noise
field bx,y,z, the quantum noise operators hx,y,z in general
do not commute.
Following the same procedure as outlined in the above
for classical noise, we define a rotating reference frame
with respect to the bias field B in which the time-
dependent Hamiltonian becomes
HR(t) =hzSz + hx[Sx cos(ωt)− Sy sin(ωt)] +
hy[Sy cos(ωt) + Sx sin(ωt)]. (9)
Under the same “magic” condition ωτ = 2pi, the evolu-
tion operator Uτ becomes
Uτ = RT : exp(−i
∫ τ
0
HR(t
′)dt′)
≈ exp(−iτHF,1) exp(−iτHF,0), (10)
where R = I, HF,1 = Sx(hzhx + hxhz)/2ω +
Sy(hzhy + hyhz)/2ω + Sz(h
2
x + h
2
y)/2ω +
i(hxhy − hyhx)/4ω, and HF,0 = hzSz, and the Fer
expansion (valid at long times [6, 7]) is applied. The
above result reduces exactly to the classical one if we
ignore the non-commuting nature of hx,y,z.
By further employing the average Hamiltonian the-
ory [7–10], it is straightforward to find the effective
Hamiltonian for one Uni-DD cycle
H = Sy(hzhy + hyhz)/2ω + i(hxhy − hyhx)/4ω. (11)
Compared to the free Hamiltonian Eq. (8) of the QD sys-
tem, the effective coupling constant in the average Hamil-
tonian is reduced also by a small factor |hz|/ω. The last
term contains only nuclear spin operators thus only af-
fects the electron spin dynamics at long times. The sup-
pression effect on the quantum noises is also independent
of the initial electron spin state.
III. COMPARISON OF THE UNI-DD WITH THE
HAHN ECHO PROTOCOL
As shown in Fig. 3(a) in the main text, the Uni-DD
protocol outperforms the traditional Hahn echo in sup-
pressing the electron spin’s decoherence by the nuclear
spins in a quantum dot. While in a spin-1 atomic BEC,
the conclusion remains the same, either for an initial co-
herent spin state (CSS) or a squeezed spin state (SSS).
To systematically compare the Uni-DD with the Hahn
echo, we vary the correlation time τc of the stray mag-
netic fields, from a value as small as 0.5 to a much
larger value for a total evolution time t = 100. For
each correlation time τc, we average the results over
100 simulations. During each run of simulation, we fix
the correlation time τc, i.e., changing the random mag-
netic field bn to a new random value bn+1 at the evolu-
tion time t = (n + 1)τc. To make a “fair” comparison,
we also take the “magic” condition for the Hahn echo
Y U(t/2)Y U(t/2), i.e., ω(t/2) = k · 2pi, where U(t/2) is
the free evolution and k an integer.
Typical results for τc = 0.5, 3, and 30 are shown in
Fig. 5(a) for an initial CSS and in Fig. 5(b) for an initial
SSS. As in the main text, the worst case among the four
chosen initial states is reported. In Fig. 5(a) we find
the spin average deviates from one much slower under
the Uni-DD than under the Hahn echo, indicating that
the Uni-DD outperforms. Interestingly, the spin average
under the Uni-DD protocol decreases gradually after the
evolution time t > τc, while the spin average under the
Hahn echo decreases abruptly after t > τc. Similarly, we
find in Fig. 5(b) that the squeezing parameter increases
slowly after t > τc for the Uni-DD but jumps up abruptly
for the Hahn echo. In all, the Uni-DD is seen to also
outperform the Hahn echo for an initial SSS.
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FIG. 5. Comparison of the performances for the Uni-DD
(solid lines) and Hahn echo (dash-dotted lines) protocol in a
spin-1 atomic BEC at τc = 0.5 (red lines), 3 (blue lines), and
30 (black lines). The pulse delay of the Uni-DD is τ = 0.05
and the “magic” condition ωτ = 2pi is satisfied. The worst-
case spin average j/J for an initial CSS is present in (a) and
the worst-case squeezing parameter ξ2 for an initial SSS in
(b). The free evolution results (dotted lines) are also shown
in (a) and (b). The Uni-DD is seen to clearly outperform the
Hahn echo in suppressing decoherence by the stray magnetic
field, particularly at short noise correlation times.
IV. PRELIMINARY COMPARISONS OF
UNIAXIAL AND BIAXIAL DD PROTOCOLS
By adopting the methods of symmetrization and con-
catenation, symmetrized Uni-DD (SUni-DD) or concate-
nated Uni-DD (CUni-DD) protocols can be designed.
For example, a simple SUni-DD cycle is [U τY U τUτY Uτ ]
where U τ denotes free evolution for an interval τ but
with a reversed bias magnetic field, i.e., ω = −γB. It is
easy to check the first order terms proportional to ω−1
are canceled out cleanly due to symmetrization. We also
introduce a simple concatenation by setting SUni-DD as
the first level concatenation C1 = SUni-DD, and taking
the second level concatenation as C2 = [C1Y C1C1Y C1].
Figure 6 compares the performances of the SUni-DD
and the CUni-DD2 protocol. Unlike the Uni-DD, the fi-
delities of the SUni-DD and the CUni-DD2 are seen to
always stay close to 1. Due to the power of compensating
for the higher order terms from symmetrization and con-
catenation, the corresponding coherence times are signif-
icantly extended. We also present in Fig. 6 the Uni-DD
result at τ = 0.1 with the “magic” condition enforced,
i.e., keeping ω = 2pi/τ = 62.8. Although the fidelity de-
cays faster than at τ = 0.05, the Uni-DD with τ = 0.1
still extends the coherence time about 2 orders of mag-
nitude.
The PDD protocol can also be designed as a
symmetrized DD (SDD) or a second-level concate-
nated DD (CDD2) [18–20]. The corresponding
pulse sequences are [ZUτXUτZUτXUτ ] for the PDD,
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FIG. 6. Comparison of the performances for several equidis-
tant DD protocols, including Uni-DD (red solid line), Uni-DD
at τ = 0.1 (red dashed line), SUni-DD (red circles), CUni-
DD2 (crosses), PDD (blue dotted line), SDD (cyan dotted
line), CDD2 (black dotted line), and FE (black dashed line).
The parameters used are τ = 0.05 (unless otherwise noted)
and satisfying the “magic” condition for the uniaxial DD pro-
tocols. The horizontal green dashed line marks the 90% fi-
delity.
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FIG. 7. Comparison of the performances for the Uni-DD (red
solid lines) with nonequidistant biaxial sequences CUDD52
(blue dotted line) and QDD13 (black dotted line), for the
same pulse number Np = 210. The free evolution results
(black dashed line) are also presented. The horizontal green
dashed line marks the 90% fidelity.
[UτXUτZUτXUτUτXUτZUτXUτ ] for the SDD, and
[ZC1XC1ZC1XC1] for the CDD2 with C1=PDD. The
simulation results under these standard biaxial DD pro-
tocols are presented in Fig. 6. Clearly, the SDD per-
formance is better than the PDD but worse than the
CDD2, since the CDD2 is capable of nulling out higher
order terms than the SDD and the PDD. In addition, the
fidelity hardly decays under the CDD2 pulse sequence,
and is almost indistinguishable from the SUni-DD and
the CUni-DD in the region computed.
An alternative biaxial DD family is based on
Uhrig’s nonequidistant DD, including the concate-
nated Uhrig DD (CUDD) and the quadratic DD
(QDD). The CUDD for n-th order cancelation dur-
ing a total evolution time t is [21–23], CUDDn =
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FIG. 8. Performance for the Uni-DD (red solid line) in a NV
center. The worst-case fidelity Fw(t) under Uni-DD protocol
is graphed as a function of time. The result for free evolu-
tion (black dashed line) is also presented as a comparison.
The horizontal green dashed line marks the 90% fidelity. The
coherence time is prolonged about 2 orders of magnitude.
U
(Z)
n (t/4)XU
(Z)
n (t/4)U
(Z)
n (t/4)XU
(Z)
n (t/4) with the in-
ner concatenation sequence U
(Z)
n (t) = Ut−tnZUτnZ · · ·
Uτ2ZUτ1, where the interval τj = tj − tj−1 is deter-
mined by a Uhrig sequence tj = t sin
2( jpi2Np−2 ) with
Np = 4n + 2 the total pulse number. The QDD with
an odd n-th order cancelation during a total evolution
time t is [24] QDDn = XU
(Z)
n (δn+1)XU
(Z)
n (δn)X · · ·
XU
(Z)
n (δ2)XU
(Z)
n (δ1) with the inner concatenation se-
quences U
(Z)
n (t) = ZUt−tnZUτnZ · · · Uτ2ZUτ1 and the
interval δj = εj − εj−1 which is also determined by the
Uhrig sequences εj = t sin
2( jpi2Np−2 ). The total number of
pulses is Np = (n+ 1)(n+ 2).
To make comparisons among CUDD, QDD, and Uni-
DD, we fix the number of applied pulses Np = 210 and
change the total evolution time t by varying the inter-
val τ (and ω = 2pi/τ for the Uni-DD). Other parame-
ters are the same as the quantum dot model in the main
text, except that the dipolar couplings between environ-
mental nuclear spins are set five times larger, in order
to illustrate the difference among these protocols. Fig-
ure 7 shows there comparisons. Clearly, all DD protocols
are seen to extend significantly the coherence time. The
QDD13 outperforms the Uni-DD and the CUDD52, while
the performance of the Uni-DD lies in between, although
it only compensates for the lowest order terms. By ex-
ploiting symmetrization and concatenation, we expect
much improved performance for all uniaxial DD proto-
cols such as the SUni-DD and CUni-DD.
V. SUPPRESSION OF SPIN NOISES IN
NITROGEN VACANCY CENTER WITH UNI-DD
PROTOCOL
In the above, the Uni-DD protocol is shown to extend
the coherence time of a quantum system with isotropic
(Heisenberg type) coupling to the environment. This sec-
tion illustrates that it is also effective for other types of
coupling, e.g., the dipolar coupling between a central spin
and its environment composed of other spins. A well-
known example is a nitrogen vacancy (NV) center in a
diamond, where an important coupling between the NV
center spin and the surrounding nuclear spins is [25]
H =
N∑
k=1
Ak (S0 · Sk − 3S
z
0S
z
k) ,
with S0 denoting the NV center spin, Sk the kth nuclear
spin, and Ak the dipolar coupling strength. We assume
all spins are spin-1/2 and the coupling Ak is distributed
randomly between 0 and 1. Such a dipolar coupling is
anisotropic.
Figure 8 shows the numerical results we obtained. The
decoherence time of the free evolution is about T0.9 ≈
0.2, which is prolonged by the Uni-DD pulse sequence
to T0.9 ≈ 25. Again, an enhancement of 2 orders of
magnitude is observed.
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